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Only those who will risk going too far
can possibly find out how far one can go.
T.S. Eliot

Preface
A free electron laser (FEL) is a special laser that uses a relativistic
electron beam moving freely through a particular kind of magnet, called
undulator magnet, to produce a beam of coherent radiation. FELs
range in wavelength from microwaves to hard X-rays.
In FELs the electron transport in the beam lines is a critical issue.
In order to maximize the radiation power output, the coupling between
the radiation and the electrons must be optimized, so to promote
the processes that lead to the emission and amplification of coherent
radiation in the undulator magnets.
Some studies were performed at the LNF, using a semi-empirical
formula (SEF), in order to determine the beam transport maximizing
the power output of SPARC, the FEL active at SPARC LAB. The
use of this formula was expected to lead to a power output greater
with respect to the one obtained applying to the lattice magnets the
quadrupole currents evaluated by a ”standard” program.
I developed a program, called Lmatching, that relies on the SEF
to determine the best beam transport for SPARC. Lmatching starts
from a ”standard” magnetic lattice configuration and uses the SEF
to evaluate iteratively the effects on the power output of random
variations of the magnets parameters. At the end of this iterative
process the configuration of the magnetic lattice maximizing the FEL
power output is found.
The main purpose of this work was to determine if the current
version of Lmatching might be successfully used to increment the power
output of SPARC, because a greater power output can improve the
results of some FEL experiments.
The lattice configurations determined by Lmatching were thor-
oughly tested using Genesis, a state of the art FEL simulation program
that requires a huge computer time, in order to verify the current sets,
proposed by Lmatching, effectively increased the SPARC power output
with respect to the ”standard” current setting. Genesis confirmed
a power output increment when the sets of currents generated by
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Lmatching where only slightly (∼ 0.03A) different with respect to the
”standard” currents.
A preliminary experiment on SPARC was also performed to test the
current set suggested by Lmatching. A 21% power output increase was
measured: anyway the low statistics of power output measurements
limits the significance of the result.
The evaluation of the accuracy of the SEF used by Lmatching
was more difficult than confirming the power output increase, because
in literature there is no meticulous study on the accuracy of the
predictions of Genesis, comparing experimental results of multiple
FELs, and because the systematic error of SPARC cannot be properly
studied on account of the complexity of the system and the absence
of a Montecarlo model of it. Therefore the results presented on the
accuracy of the SEF should be regarded as preliminary studies on the
limits of its validity.
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CHAPTER 1
Introduction: Free Electron Lasers and
SPARC LAB
1.1. From Synchrotrons to Hard X-rays FELs
Conventional quantum lasers, invented in the late fifties, have
undergone a lot of developments since their introduction. Even so,
they present some intrinsic limitations that limit their use as photon
sources.
Laser photons are emitted by electrons that change their energy
level in atoms, molecules or solid-state materials, therefore their
maximum possible energy is limited to some hundreds of eV .
Considering that conventional lasers make use of optical resonators
and that the reflectivity of metals at normal incidence drops quickly
to zero below 100nm wavelength (≈ 12.4eV ), the actual limit is much
smaller. Therefore conventional lasers operate only with wavelengths
up to the near UV region [1].
Another limit of conventional lasers is their tunability: the ratio
between the maximum and minimum photon wavelength in a quantum
laser is always well below an order of magnitude [1].
To overcome these limits, and produce highly tunable light sources,
with photon wavelengths ranging from infrared to hard X-rays, another
light emission method must be used. The light produced by charged
particles on a curved path, called synchrotron radiation, has been
successfully employed to achieve this goals.
1.1.1. Synchrotrons and Storage Rings. A charge undergoing
acceleration will radiate energy, according to classical electrodynamics
laws. For relativistic particles, energy loss due to linear acceleration
is negligible [2], while the mean power radiated because of circular
acceleration obeys the law:
P =
e2c
6pi0
γ4
R2
(1.1)
where e is the electron charge, c is the speed of light, 0 is the void
dielectric constant, γ is the particle Lorentz factor and R is the bending
1
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radius. This photon emission is called synchrotron radiation, because
it was first observed at the end of the 1940s at General Electric’s
70MeV synchrotron in the USA [3]. Due to the steep dependence
on γ, electrons are chosen in all devices used to generate synchrotron
light.
Photons are emitted in a cone, centered around the particle
direction of motion, where the maximum angle between the particle
momentum and the photon momentum is:
θ ≈ tanθ ≈ 1
γ
(1.2)
The emitted radiation has a broad energy spectrum, roughly flat up to
the critical energy, defined by:
Ec = ~ωc = ~
3cγ3
2R
(1.3)
A typical energy distribution is shown in fig. 1.1. After the first
experiments in synchrotrons, dedicated storage rings were used as
synchrotron radiation sources, because they can guarantee a stable
power output in energy spread and power. Their output energy
overcomes the maximum wavelength limit of quantum lasers, producing
photons with energies up to the hard X-ray part of the spectrum, but
their output isn’t monochromatic at all, and their photons are badly
collimated in the horizontal plane. In fact photons are generated in
every point of the beam trajectory in the bending magnet used to
produce them, leading to a low radiation intensity on the target, as
shown in fig. 1.2. To overcome these limits, new magnets had to be
designed.
1.1.2. Wigglers, Undulators and FEL Oscillators. In the
third generation synchrotron radiation sources, new devices are
exploited to increase light output and collimation: wigglers and
undulators. These devices present an identical layout: they are made
of many short bending magnets, with alternated polarization (figure
1.3). The resulting magnetic field forces electrons to travel along a
sinusoidal path. The difference between wigglers and undulators is the
magnetic field strength, the wigglers one being much stronger, resulting
in different output radiation characteristics. A wiggler behaves like a
series of really short bending magnets, resulting in a photon beam
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Figure 1.1. Spectral photon density of synchrotron
radiation from electrons in a bending magnet with
R=12.2m and E=5GeV [3]. It is a broad nearly-flat spec-
trum.
Figure 1.2. Horizontal distribution of the synchrotron
radiation produced by a bending magnet: most of the
radiation is lost because of its bad collimation compared
to the small target size [3].
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Figure 1.3. Wiggler or undulator magnet arrangement
[3]. The axes orientation shown is the one used
throughout this work.
well collimated in the horizontal plan and with a brilliance 1 much
greater than a bending magnet one. In undulators instead, the
weaker magnetic field leads to a nearly straight electron path, which
allows interaction between electrons in the bunch head with radiation
produced by electrons in the bunch tail. This leads to a coherent
amplification of radiation with wavelength:
λrad =
λund
2γ2
(1 +
K2und
2
) (1.4)
where λund is the undulator period length and Kund =
λundeB0
2pimec
, where
B0 is the undulator maximum field on the electron axis, e and me
are the electron charge and mass, and c is the speed of light. The
resulting radiation is monochromatic and has a good brilliance. Down
to a 100nm wave length, mirrors can be used to build a resonant optical
cavity around the undulator, just like in conventional quantum lasers:
the resulting device is called a FEL oscillator.
Wigglers are state of the art devices for producing broadband
synchrotron radiation, used in third generation synchrotron radiation
sources [4]. Undulators, on one hand, overcome both limits of
1The brilliance is the number of photons generated per unit of time, space and
solid angle. Often the brilliance is normalized to a bandwidth relative to the mean
frequency, e. g. brightness per 0.1% bandwidth.
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conventional lasers: they can produce photons with wavelength as short
as needed (provided the driving accelerator is powerful enough), and
because the radiation wavelength depends on the magnetic field and on
the particle γ, they can produce radiation in a wide wavelength range.
On the other hand, due to coherent amplification of a really narrow
wavelength band, undulators in storage rings have a limited brilliance
when used at wavelengths that don’t allow an optical resonator to be
employed.
1.1.3. High Gain Regime and SASE FELs. To obtain an
higher brilliance, SASE (Self Amplified Spontaneous Emission) FELs
were developed. They are single pass FELs where the beam is
accelerated by a linac, allowing much smaller x-y normalized emittance.
With undulators2 more than ten meters long and beams with transverse
emittance usually below 1mrad · mm, SASE FELs can work in high
gain regime: the power output, instead of growing linearly along the
undulator, as in short undulators, at a certain point begins to grow
exponentially up to a saturation power approximately given by:
PF ∼=
√
2ρPE (1.5)
where ρ is the Pierce parameter3 and PE is the beam power. The
”SASE” FEL uses only the radiation produced by the bunch itself to
amplify its radiation. The reason of the exponential growth is explained
in section 1.2. This allows a far better brilliance, while the use of a
linac allows a great energy tunability.
To form a more precise idea about this radiation sources
performances, we may compare Petra III, a storage ring for synchrotron
radiation production with short undulators commissioned in 2008
at DESY (presently one of the most brilliant synchrotron radiation
sources), with the European X-FEL, which is scheduled to be
completed by the end of 2015 [5] and is a SASE FEL with long
undulators powered by a linac.
2The term undulator has two meaning when FELs are concerned: it is both the
name of the single undulator magnet and of all the undulator magnets in a FEL. In
this thesis, where confusion may arise, the magnets are called undulator magnet,
while ”the undulator” refers to the complex of all the undulator magnets.
3See appendix A.
6 1. Introduction: Free Electron Lasers and SPARC LAB
Petra III bending magnets generate not-monochromatic syn-
chrotron radiation with a maximum average brilliance4 of about 1016b
[6], while its undulators generate pulses up to 2 ∗ 1021b [6]. Petra III
wigglers produce pulses that are estimated to be much more brilliant
than its undulator ones [4], but wigglers are still (2013) not in use
as radiation sources. On the other hand the European X-FEL will
generate pulses of up to 1.6 ∗ 1025b average brilliance , with up to
5 ∗ 1032b peak brilliance [5].
SASE FELs are also a very tunable source of laser radiation: the
European X-FEL will produce photons with energies ranging from
260eV to 25keV [7].
1.2. The Physics of Free Electron Lasers
1.2.1. The Micro-Bunching Process. Fig. 1.4 shows the
energy growth curve, analogous to the power growth curve, of an
high gain FEL. Three growth regimes can be identified: the lethargy
regime, the exponential regime and the saturation regime. To explain
why there are three regimes, the micro-bunching process, which is the
fundamental physical process in the high gain free electron laser, must
be highlighted.
The power lost by an electron to an electric field is described by
the equation:
∆W = ~v • ~F = ~v • ~Ee (1.6)
where ~v is the electron speed and ~F is the force acting on it. Therefore
the maximum power exchange is achieved if the electron crosses its
motion axis when the laser field is at a maximum or minimum (fig. 1.5).
In a long undulator, when the radiation power becomes high enough,
the micro-bunching process starts (fig. 1.6): due to power losses, the
electrons in the beam accumulate in micro-bunches (or slices), centered
on the planes where the maximum exchange is achieved. The emitted
power depends on N2 (where N is the number of electrons in the
maximum exchange regions) and its intensity enhances the particle
migration to the micro-bunches, so that when the micro-bunching
process starts the power growth becomes exponential [8].
When all the particles are packed into slices, as compact as allowed
by the Coulomb repulsion, the exponential regime stops and the
4Expressed in units of b = ph/0.1%bw/s/mm2/mrad2: photons per 0.1%
bandwidth centred on the radiation mean frequency, per second, per squared
millimeter, per squared milliradiant.
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Figure 1.4. Example of FEL radiation power evolu-
tion: from left to right there is the lethargy regime, the
exponential regime and the nearly-horizontal saturation
regime. The hollow point are experimental data taken
at the FEL of the TESLA test facility [8]. The three
drawings above the curve show the level of micro-
bunching in the three regimes.
emitted power becomes constant: this regime is called the saturation
regime. The total power in this regime increase linearly with the
undulator length.
The lethargy regime instead takes place when the slices aren’t
formed enough to start the exponential growth. The laser radiation
growth is slow in this regime.
1.2.2. Seeded and SASE Modes. In seeded mode a free
electron laser works as a FEL amplifier. At the entrance of the
undulator a laser pulse, called seed, composed of photons with
mean wavelength equal to the undulator resonant wavelength, is
superimposed to the electron beam. The laser pulse starts the micro-
bunching process and is amplified by the electron synchrotron radiation
emission.
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Figure 1.5. Condition for sustained energy transfer
from electron to light wave: the light wave has to advance
by half λr per half period of the electron trajectory [8].
Figure 1.6. Micro-bunches formation in the three
regimes simulated with a numerical code [8].
In SASE mode there is no laser seed. The micro-bunching process
is started by the electron shot noise [8]. This process leads to a power
growth in lethargy regime steeper than in seeded mode, but because it
starts from a null value a longer undulator length is needed to reach the
exponential growth regime and therefore the laser saturation. Another
drawback of SASE mode is the great variance in the laser power output
of the FEL, due to the stochastic behavior of the shot noise that leads
to a variable lethargy regime length and therefore to differences in the
starting points of the exponential growth and saturation regimes.
1.3. SPARC: SPARC LAB Free Electron Laser
SPARC is a single pass high gain FEL, designed to work in the
visible and UV spectrum, operating both in SASE and in seeded mode:
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it is used only to perform FEL experiments, not as a synchrotron
radiation facility available for users.
In figure 1.7 the layout of SPARC is shown: from right to left there
are the photo-injector, three radio-frequency cavities, the first two of
them surrounded by focusing solenoids, then the focusing section, with
two triplets of quadrupoles, and at the end the undulator section, with
six undulators and five quadrupoles between them. In the following
Figure 1.7. SPARC layout. From right to left there
are the three radio-frequency cavities, the first two
surrounded by solenoids (dark gray), then the focusing
sections with the two quadrupoles triplets (really dark
gray) and then the six undulators (black). The five
quadrupoles between the undulators are too small to be
recognized in this picture.
SPARC main features are described: a detailed description of single
components lengths and parameters is given in appendix B.
1.3.1. Electron Gun and FLAME. SPARC electron source is
a photo-injector that can generate bunches with up to 1nC charge
[9]. The photo-injector is powered by FLAME, the SPARC LAB
conventional laser. FLAME is a Ti:Sa (Ti : Al2O3) laser that can
deliver 220TW laser pulses, 25fs long [10], in a wavelength bandwidth
ranging from 700nm to 1100nm, and best efficiency in the 780−800nm
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range [9]. FLAME is also used to deliver the seed pulses for seeded
operation.
A single laser pulse can be broken into multiple micro-pulses using
a α-cut beta barium borate (α-BBO) birefringent crystal, which has
different diffraction indexes for orthogonal light polarizations. This
train of pulses is used to generate in the photon-injector an electron
bunch segmented into up to 16 micro-bunches [10]. This allows multi-
bunch FEL experiments, using a train of very short laser pulses or
creating a single multi-color pulse5 [11].
1.3.2. Linac. SPARC linac has three S-band radio-cavities,
independently controlled, allowing a great tunability of the bunch
energy, especially when using bunches divided into micro-bunches. This
cavities can accelerate a 160pC electron beam up to 150−200MeV [9].
The first two radio-cavities are surrounded by focusing solenoids,
shaping output bunches so to have an emittance value of about
0.7mrad ·mm [9].
1.3.3. Focusing Section. The SPARC focusing section is made
of two triplets of quadrupoles, with a dipole chicane between them.
The chicane purpose is to make room for a mirror used to introduce the
laser seed collinear to the beam. The quadrupoles are electromagnets,
with maximum currents of 20A. The two triplets work as two magnetic
lenses. Though two couplets of quadrupoles could efficiently focus in
both transverse planes, the presence of a third quadrupole allows a
greater tunability of the focusing effect.
1.3.4. Undulator Section. SPARC Undulator section contains
six undulators 2.2m long, for a total length of 13.2m, and five
quadrupoles between them. The magnets are disposed in FODO
structures6, where the quadrupole focuses the beam in the X plane
and the undulator focuses in the Y plane.
SPARC undulators are made of permanent magnets, so the
magnetic field acting on the beam is set according to the changeable
distance between the two magnet rows. The gap between the magnet
5A pulse where two or more laser pulses of different energy are superimposed.
6A FODO is a part of a magnetic lattice made of a magnet focusing in a plane
transverse to the beam (F), a section with no focusing magnets (0), a magnet
focusing the transverse plane orthogonal to the first one (D), and another section
without focusing magnets (0). The F and D in ”FODO” stand for ”Focusing” and
”Defocusing”, because usually quadrupoles are used as focusing magnets in FODO
structures, and a quadrupole that focuses in a transverse plane defocuses in the
orthogonal one.
Beam Matching in a FEL 1.4 11
rows can be varied from 0.6cm to 2.5cm: as a consequence the
undulator K parameter7 can vary from 3.2 to 0.38 [12].
1.4. Beam Matching in a FEL
The expression ”beam matching” has a different meaning when
dealing with accelerators or with free electron lasers. For accelerators,
it refers to the magnetic lattice tuning that is necessary for operating
the machine. Instead in FELs matching refers to the optimization
of the coupling between electron bunches and radiation [13]. But to
keep the electron beam and the radiation well superimposed, coupling
optimization basically means three things: a) to promote the slice
formation process, b) radiation phase coupled with the slice position, as
shown in fig. 1.5, c) small beam transverse dimensions, so to increase
the probability of interaction between photons and electrons.
The fulfillment of b) depends on the electron energy and on
the machine used. In drift spaces and quadrupoles that separate
the undulator sections electrons travel only slightly slower than the
radiation, because they don’t have to undergo a sinusoidal motion any
more. Therefore the radiation changes its phase position with respect
to the electron beam: in the 35cm intervals between the undulator
magnets in SPARC, 150MeV electrons travel at a speed of∼ 0.999995c,
so when they reach the next undulator section the photons have shifted
forward of∼ 2µm from the electron phase, therefore the alignment with
the radiation (that has a wavelength of a few hundred nm) is completely
lost. The relevance of this effect can be reduced only at the moment
of the FEL design either by keeping the amount of undulator magnets
as small as possible or by shortening the gap between the undulators
as much as possible.
A matching program can work on conditions a) and c): a) favoring
the radiation generation process in free electron lasers, c) controlling
the beam transverse dimensions evolution.
The outline of the process of FEL matching is presented in fig.
1.8. The purpose is to determine the magnets settings that lead to the
FEL maximum power output. The magnetic fields in the undulators
are already set before the matching process, because they determine
the wavelength of the emitted radiation, therefore at SPARC the FEL
matching reduces to determine the quadrupole currents that maximize
the power output.
7See appendix A.
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Magnets Settings (Quadrupole Currents at SPARC)
Beam Characteristics
FEL Power Growth Parameters
FEL Power Output
Beam Transport
FEL Power Growth Model
Figure 1.8. This flow-chart shows the basic elements
of the beam matching, and how they are liked by physical
theory.
From the quadrupole currents the beam characteristics are
determined. The beam transport is a well known and well modellized
process, therefore this step is accurate.
From the beam parameters, the FEL power growth parameters are
determined, and from them the FEL power output must be determined.
This last step depends on the accuracy of the FEL power growth model
used, and really accurate 3D models of the power evolution in a FEL do
not exist. This is the main limit to the accuracy of the FEL matching.
A FEL matching program needs to be fast, with an execution time
∼ 60s, so not to increase significantly the time needed by the operators
to perform experiments. In order to perform the computation of the
beam transport and the optimization of the FEL parameter in a short
time, usually the beam transport computed is slightly approximate and
only one FEL growth parameter is optimized, in order to permit a fast
numerical study of the best set of quadrupole currents. The ”Periodic
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Beam Evolution Approach” to matching, previously used at SPARC,
is an example of this approach
1.5. The Periodic Beam Evolution Approach to Matching
The periodic beam evolution approach consists in imposing periodic
conditions on the evolution of the Twiss parameters evolution along
the undulator section FODO cells. This approach is the same used
in the synchrotrons FODO cells for the magnetic lattice tuning, is
simple to treat analytically and has already been used positively to
solve matching problems [3].
In the following the matching approach previously used at
SPARC LAB is shortly presented: a detailed explanation of this
approach can be found in [13]. The related software was developed by
M. Quattromini (hereafter it is called QP, standing for Quattromini’s
Program).
QP consists of two main parts: the first one calculates the currents
of the quadrupoles in the undulator section, while the second one
calculates the currents of the quadrupoles in the focusing section.
1.5.1. Quadrupole Currents in the Undulator Section. The
fundamental steps of this part of the program are summarized in the
flowchart in fig. 1.9.
In step 1 all the undulator magnets parameters are evaluated
starting from the resonance wavelength8, set by the user. The effect of
the undulators on the beam transport, i. e. a focusing in the y plane
and a slight defocusing in the x plane, is determined.
In step 2 only the first FODO of the undulator section is considered,
i. e. the first undulator segment, the first quadrupole, the drift
section between them and the drift section between the quadrupole
and the next undulator segment. The transport matrix for this FODO
is computed, as a function of the quadrupole current. The slight
defocusing effect of the undulator in the x plane is neglected, in order
to keep the x-plane matrix elements simple. This approximation has
negligible effects on the beam transport, but allows the matrices to be
simple enough to be studied in a sufficiently short CPU time (∼ 10s).
In step 3 the eigenstate of the beam Twiss parameters relative to the
eigenvalue 1 is studied. Though the Twiss matrix of a real device always
admits an eigenstate of eigenvalue 1 [14], it isn’t always a physical
state. This is demonstrated in [13], where it is shown that some bands
of radiation wavelengths are forbidden for certain values of the beam
8See appendix A.
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Computation Undulator Section Currents
Step 1: Evaluation
Undulator Parameters
Step 2: Evaluation First
FODO Transport Matrix
Step 3: Evaluation
Currents that Allow
a Physical Eigenstate
Step 4:
Optimization
Maximize Beam
Roundness
Minimize
Beam Size
Minimize
Quadrupole
Current
Step 5: Compute the
Quadrupole Currents
of the Other FODOs
Computation Focusing Section Currents
(to the second part)
Figure 1.9. Fundamental steps of the first part of QP.
The currents of the quadrupoles in the undulator section
are calculated, then the beam Twiss parameters required
at the entrance of the undulator section are fed to the
second part of the program.
electrons energy, as shown in fig. 1.10. If both the undulators resonant
wavelength and the beam energy fall in a forbidden band, the program
returns an error message because the matching is not possible. On
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Figure 1.10. SPARC allowed photon wavelengths,
on varying the beam electrons energy: in the gray
regions it is impossible to realize a physical Twiss
parameters eigenstate [13]. The three not-continuous
lines correspond to curves where the undulator gap has
been kept constant: g = 8.2mm (dashed), g = 11.5mm
(dash-dotted) and g = 20mm (dotted).
the contrary, there is an interval of quadrupole currents that allows a
physical eigenstate and the program determines that interval.
In step 4 a current is selected: the choice is made in order to
minimize the mean beam section in the FODO, or to maximize the
beam section roundness9, or minimize the quadrupole current itself.
In step 5 the currents of the other four quadrupoles in the undulator
section are determined, requiring that the eigenstate of the first FODO
be also an eigenstate of the transport matrices of the four remaining
FODOs.
1.5.2. Quadrupole Currents in the Focusing Section. The
fundamental steps of the second part of the program are summarized
in the flowchart in fig. 1.11.
In step 6 the number of quadrupoles in the focusing section to be
used by the program is chosen. The only possible choices are: a) all six
quadrupoles or b) all but the second one and the fifth one. Then the
transport matrix of the focusing section, as a function of the currents of
used quadrupoles, is computed. The Twiss parameters of the electron
beam at the exit of SPARC linac, set by the user, are transported to
the beginning of the undulator section, and the resulting parameters
9It was supposed that the roundness of the beam section might influence
significantly the FEL power output, but the beam section minimization leads to
better results.
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Computation Undulator Section Currents
(from the first part)
Computation Focusing Section Currents
Step 6: Set
Quadrupoles
All Six Quadrupoles
The 2nd and
The 5th Missing
Step 7: Four Equation in Six
Variables Numerically Solved
Step 7: Four Equation
in Four Variables
Numerically Solved
Figure 1.11. Fundamental steps of the second part of
QP. The currents of the quadrupoles in the focusing
section of SPARC are calculated in order to obtain at
the beginning of the undulator section the beam Twiss
parameters required by the first part of the program.
are requested to be equal to the Twiss parameters computed in the
first part of the program. The result is a system of six equations, but
only four of them are independent, because only two Twiss parameters
in each plane are independent. The actual system of equations to solve
is therefore made of four equations in four or six variables. There
is no physical reason not to use just five quadrupoles, or other four-
quadrupole configurations. The program wasn’t originally designed to
consider situations where not all the six quadrupoles of the focusing
section are usable: the program was designed to test how much the use
of six quadrupoles (instead of four) might improve the results.
In step 7 the system of equation is solved. As discussed in section
1.3.3, the quadrupole currents have a maximum: unfortunately, if only
four quadrupoles are used, the resulting currents are often larger than
the maximum. In that case the program looks for a set of currents that
approximates as well as possible the Twiss parameters required by the
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first part of the program. The resulting transport in the undulator
section often isn’t exactly periodical: the evolution amplitude of the
beam section is slightly modulated. If instead six variables are used,
the program is almost always able to find an exact solution for the
system.
CHAPTER 2
Lmatching: a New Free Electron Laser
Optimization Program
2.1. The Shortcomings of Quattromini Matching Program
In QP the choice of a periodic beam transport has no theoretical
or experimental motivations. In fact a beam transport not periodical
could lead to a better power output, as is pointed out in [15].
A limit of QP is its uselessness when just one of the focusing
quadrupoles, but the second or the fifth, isn’t operational. As already
pointed out, theoretically the beam periodical approach could be used
with every configuration of at least four quadrupoles, but QP supports
only the use of six quadrupoles or a particular configuration of four
quadrupoles.
2.2. Lmatching: a Fast FEL Simulation Approach to Beam
Matching
The flowchart in fig. 2.1 shows the outline of Lmatching: the most
relevant components are the Beam Transport Calculator and the Fast
FEL Simulator.
The Beam Transport Calculator is the part of Lmatching where the
beam evolution in the focusing section and in the undulator section are
generated. It uses the SPARC magnetic lattice characteristics, listed in
appendix B, the parameters of the electron beam at the linac exit and
the undulator magnets parameters, obtained from their focusing and
defocusing effects from their resonance frequency and from the electrons
energy. When the Current Set Generator provides the Beam Transport
Calculator a set of quadrupole currents for all the quadrupoles in the
focusing and undulator sections, all the characteristics of the magnetic
lattice in these sections are defined. Then the Beam Transport
Calculator calculates the evolution of the beam from the linac exit
to the end of the FEL.
The Fast FEL Simulator calculates the radiation power evolution in
the SPARC undulator, using the parameters of the undulator magnets
18
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Optimization Controller
Current Set Generator
Beam Transport CalculatorBeam Parameters
at the Linac Exit
Fast FEL Simulator
Figure 2.1. Outline of Lmatching implementation.
and the information on the beam transport computed by the Beam
Transport Calculator.
The Optimization Controller is the part of Lmatching coordinating
the iterative process of optimization. It requires from the Current Set
Generator a new current set, when the power evolution in the FEL
is fed back to it. The Optimization Controller operates in different
ways, according to the requested optimization. Usually it is requested
to generate from 1000 to 100 000 sets of currents, and then to return
the user the set giving the maximum power output. In this case the
Current Set Generator generates sets of random currents normally
distributed around the currents of a set generated by QP using six
quadrupoles in the focusing section. The standard deviation used for
the normal distributions is usually ∼ 0.05A. The random currents
cannot be generated uniformly distributed in the whole range of the
quadrupole possible currents, because most of the sets generated in
this way are completely worthless to such an extent that even in 10
000 000 sets of currents no set able to deliver a FEL power output
comparable to QP set is found. When less than six quadrupoles in the
focusing section can be used, Lmatching determines the currents that
better approximate QP transport matrix of SPARC focusing section,
and uses them as centers of the normal distributions for the random
currents generation.
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2.2.1. Lmatching Potentialities and Weak-Points. In princi-
ple Lmatching potentialities are limited only by the features of the FEL
it is applied to. Because it considers the whole power evolution in the
FEL, with the appropriate Optimization Controller and Current Set
Generator it may be used not only to maximize the power output, but
to minimize the saturation length1, to obtain a specific output power,
or to optimize any other characteristic of the FEL power evolution.
The validity of the Lmatching results relies on the accuracy of the
prediction of the Beam Transport Calculator and of the Fast FEL
Simulator. The Beam Transport Calculator, that will be described
in section 2.3, has a high level of reliability. The accuracy of the Fast
FEL Simulator, described in section 2.4, will be specifically discussed in
chapter 4. In this work Lmatching is used only in SASE mode, because
the current Fast FEL Simulator doesn’t return correct predictions in
seeded mode.
Provided that the Fast FEL Simulator predictions be really
accurate, the current set choice could be improved, e. g. the power
output at the end of the FEL could be considered as a function in the 11
quadrupole currents, and its maximum in the domain of the possible
quadrupole currents could be determined starting from QP set and
following the direction of the maximum increment of the gradient.
2.3. The Beam Transport Calculator
The beam evolution in Lmatching is computed transporting the
beam Twiss parameters [3]. The SPARC magnets, quadrupoles and
undulators, and the drifts spaces are described using 2 × 2 matrices,
as described in section 2.3.1. The SPARC dipoles, used for small
beam position corrections and in the magnetic chicane, are neglected at
present in Lmatching (as they were in QP), due to their small effect on
the transport matrix, as discussed in section 2.3.2. Only x and y beam
parameters are transported, because the z parameters are not measured
in SPARC FEL and their effect on the energy spread is neglectable,
as proved in section 2.3.3. The Coulomb repulsion effect on beam
dynamics is neglected.
2.3.1. Magnets Transport Matrices. The effect of a drift
section of length s on a particle with position (x, y) with respect to
the beam axis and speed (x′, y′) can be computed with the following
2x2 matrices [3]:
1See appendix A.
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(
1 s
0 1
) (
x
x′
)
(2.1)(
1 s
0 1
) (
y
y′
)
(2.2)
The magnetic field effect on a particle of a quadrupole focusing in the x
plane and defocusing in the y plane can be computed with the following
2x2 matrices [3]:(
cosΩ 1√|k|sinΩ
−√|k|sinΩ cosΩ
) (
x
x′
)
(2.3)(
coshΩ 1√|k|sinhΩ√|k|sinhΩ coshΩ
) (
y
y′
)
(2.4)
where Ω =
√|k|s, s is the quadrupole length and k is the quadrupole
strength defined as:
k =
e
γemecqcal
· I
s
(2.5)
where e is the electron charge, γe is the electron Lorentz factor, me is
the electron mass, c is the speed of light, qcal is a calibration constant
and I is the quadrupole current. A quadrupole focusing in the y plane
has inverted x and y matrices. In the following a positive current is
expected, by convention, to focus in the x plane, while a negative one
to focus in the y plane.
A planar undulator, with the electron sinusoidal motion in the
horizontal plane, acts as a focusing quadrupole in the y plane, while
it has a small defocusing effect in the x plane [13]. The matrices
describing these effects are analogous to the quadrupole ones [13]:(
coshΩx
1√
|kx|
sinhΩx√|kx|sinhΩx coshΩx
) (
x
x′
)
(2.6)(
cosΩy
1√
|ky |
sinΩy
−√|ky|sinΩy cosΩy
) (
y
y′
)
(2.7)
where:
Ωx =
√
kxs (2.8)
Ωy =
√
kys (2.9)
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kx = δ(
piK
γeλu
)2 (2.10)
ky = (2 + δ)(
piK
γeλu
)2 (2.11)
λu is the undulator wavelength
2, δ (∼ 0.02 for SPARC undulators) is a
parameter depending on the magnetic field of the undulator [13] and
K is the undulator strength parameter defined as:
K =
eλuB0
2pimec
(2.12)
where B0 is the maximum magnetic field in the y direction on the beam
axis in the undulator. In permanent magnets undulators, as in SPARC,
the magnetic field is varied changing the distance between the upper
and lower magnet rows.
Field errors in SPARC quadrupoles and undulators are neglected
by Lmatching.
2.3.2. The Magnetic Correctors and the Magnetic Chi-
cane. Corrector magnets are used in SPARC to correct misalignment
of the electron beam axis. Their fields are tuned when the quadrupole
currents and the undulator gaps have already been set, in order to
compensate for small beam trajectory errors induced by the other
magnets. As a consequence if they were considered by the matching
program, an iterative approach would be necessary where at each
step the operator would be forced to insert manually a score of new
parameters at each step. Fortunately correctors effects on the beam
section prove neglectable, due to the small fields and the small focusing
effect of bending magnets. For the same reason the chicane dipole
magnets aren’t considered both by Lmatching and QP.
2.3.3. Why the Twiss z Parameters Are Not Transported.
Analogously to the Twiss x and y parameters, also Twiss z parameters
can be defined. They allow to keep track of the energy spread variation,
and they are transported in every magnet and drift alike. The 2x2
matrix used to compute the Twiss transport matrix is:(
1 s
β2eγ
2
e
0 1
)
(2.13)
2See appendix A.
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where s is the element length, βe is the electron speed in terms of the
speed of light and γe is the electron Lorentz factor.
The effect of the transport of the Twiss z parameters on the
electrons energy spread in the whole SPARC magnetic lattice is really
small: considering electrons with γ = 300 and the ∼ 20m length of
SPARC line from the linac exit to the last undulator magnet exit,
s
β2eγ
2
e
≈ 1
4500
. Therefore the transport of the Twiss z parameters in the
FEL line can be neglected.
2.4. The Fast FEL Simulator
The FEL power evolution and its associated details can be
described in terms of numerical codes3. Anyway numerical procedures,
accounting for almost all the aspects of experimental devices, are highly
reliable but they are rather slow in terms of simulation time. For this
reason Lmatching uses a semi-analytical (or semi-empirical) equation
to perform a simulation of the FEL power evolution fast enough to
be run by a desktop computer in ∼ 1ms, compared to the minutes or
hours needed by the numerical codes.
The Fast FEL Simulator of Lmatching relies on the formula
discussed by Dattoli et al. in [16], starting from W. B. Colson 1D
high gain FEL theory [17]. This semi-analytical equation starts from
the analytical solution of the 1D high gain FEL equations and then is
implemented by some empirical corrections to include effects neglected
in the 1D analytical theory [18]. Being a 1D equation, simply the
evolution of the power density per unit of surface on the beam axis
is considered, instead of the power evolution: nevertheless the power
density on the beam axis and the total power are approximately
proportional in free electron lasers.
In the following the basic FEL and undulator parameters
definitions, collected in appendix A, are extensively used. The
equations presented in the following are taken from [19].
2.4.1. Approximations in Colson Equations. In Colson high
gain 1D theory every dependence of the bunch charge density and of the
electromagnetic field on the transverse coordinates is neglected: this
approximation is justified if the charge density of the electron beam is
approximately homogeneous and its radius rb is such as rb >>
√
Lgλr
[8], where λr is the emitted radiation wavelength while Lg is the FEL
3An example of a reliable numerical code is Genesis, which will be described
and used in chapter 4.
24 2. Lmatching: a New Free Electron Laser Optimization Program
gain length for the first harmonic. Electron beams are considered to
be very long, so head and tail effects are ignored. Betatron oscillations
are neglected, as are the effects of the electron energy spread and the
light wave diffraction.
2.4.2. The Power Density Evolution Equation. The equation
used to describe the power density evolution4 is [19]:
P (z) = P0
A(z)
1 + P0
PF
(A(z)− 1) (2.14)
where P0 is the seeding power density, z is the longitudinal position in
the undulator, PF is the saturation power density and A(z) is given by
the equation:
A(z) =
1
9
[3 + 2cosh(
z
Lg
) + 4cos(
√
3
2
z
Lg
)cosh(
z
2Lg
)] (2.15)
where Lg is the gain length. For SASE mode simulations, P0 is
determined by the equation:
P0 = 186
Iρτ
λ2r
(2.16)
where I is the bunch peak current, ρ is the Pierce parameter and τ is
the bunch length.
The values of Pierce parameter, gain length and saturation power
density are modified empirically to introduce the effects of the radiation
diffraction and of the electron energy spread.
2.4.3. The Diffraction Correction. As in conventional quan-
tum lasers, the radiation produced in free electron lasers undergoes
optical diffraction. This effect produces radiation losses along the
undulator, leading to a slightly less efficient growth in the lethargy
and exponential regimes. Diffraction can be simulated decreasing the
Pierce parameter and, as a consequence, increasing the gain length,
because:
Lg ∝ 1
ρ
(2.17)
4The basic FEL and undulator parameters definitions are collected in appendix
A.
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The diffraction correction parameters, obtained empirically by means
of fits to numerical code results [18], are:
µDx =
λrλu
16pi2βxxρ1
, µDy =
λrλu
16pi2βyyρ1
(2.18)
where βx, βy are the beam Twiss β parameters while x, y are the beam
reduced emittances. They modify the Pierce parameter as follows:
ρD1 = F (µ
D
x , µ
D
y )ρ1 (2.19)
F (µDx , µ
D
y ) = [(1 + µ
D
x )(1 + µ
D
y )]
− 1
6 (2.20)
2.4.4. The Inhomogeneous Energy Broadening Effect.
Equation (2.14) considers an ideal electron bunch, where all electrons
have exactly the same energy. The electrons energy distribution, which
can be well approximated as a normal distribution, leads to a less
efficient coherent light emission. This effect is called inhomogeneous
energy broadening effect, and it causes an increase of the gain length
and a slight reduction in the power density at saturation. This effect
is introduced in equation (2.14) modifying empirically, by means of fits
to numerical code results [18], the Pierce parameter, gain length and
saturation power density. These modifications must be evaluated at the
entrance of each undulator magnet, and then kept constant inside the
whole magnet: in fact they account for the initial energy spread of the
electrons, while the effects of energy spread evolution in the undulator
are already considered in equation (2.14).
The inhomogeneous broadening effect parameters are [18]:
µ˜ =
2σ
ρ1
(2.21)
µ˜x = Exγx, µ˜y = Eyγy (2.22)
µ˜x′ =
Ex′
βx′
, µ˜y′ =
Ey′
βy′
(2.23)
Ex = x
γ2
ρ1
(1 + k∗2)−1, Ey = y
γ2
ρ1
(1 + k∗2)−1 (2.24)
where βx, βy and γx, γy are the beam Twiss parameters, while x, y
are the beam reduced emittances. They are used to determine the two
correction factors χ and Φ(χ):
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Φ(χ) = e−χ(χ−1) +
√
2
χ− 1
χ3
(2.25)
χ = F3
−1 (2.26)
F3 =
F1
F2
ecµ˜
2
 (2.27)
F1 =
1 + a
∑
x,x′,y,y′ µ˜
2
i + b
∑
x,x′,y,y′ µ˜i√∑
x,x′,y,y′ 1 + µ˜
2
i
(2.28)
F2 = 1 + dF1µ˜
2
 (2.29)
where a = 0.159, b = −0.066, c = −0.034 and 0.185
√
3
2
. To introduce
the inhomogeneous broadening effect, the Pierce parameter, the gain
length, the saturation power density and the saturation length are
finally changed:
ρ(χ) =
ρ
χ
(2.30)
Lg,1(χ) = χLg,1(ρ1(χ)) (2.31)
PF,1(χ) =
√
2Φ(χ)ρ1(χ)PE (2.32)
2.4.5. The Application to Segmented Undulators. Equation
(2.14) considers the beam evolution in a single, continuous undulator.
To eliminate the discontinuities in power density evolution due to the
undulator segmentation, the seeding power density P0 in eq. (2.14) in
each undulator magnet (but the first one) is modified in order that the
power density at the entrance of each undulator magnet be equal to
the power density at the exit of the previous one. In the first undulator
magnet P0 is the power density of the laser seed or the SASE equivalent
obtained from eq. (2.16), while in the other magnets P0 is modified to
impose the continuity to the power density evolution.
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2.5. Analytical Considerations on the Semi-Analytical
Formula
In order to study how the variations of the beam transport influence
the FEL power density evolution and the power density at the end of
it, eq. (2.14) must be studied analytically.
Equation (2.14) in the limit P0 · A(z) << PF reduces to P (z) ≈
P0 · A(z) 5, while in the limit P0 · A(z) >> PF it reduces to P (z) ≈
PF . Because the gain length Lg is the characteristic length of the
exponential terms in A(z), as shown in eq. (2.15), its value determines
how fast the power density growth is in the limit P0 · A(z) << PF . In
the limit P0 · A(z) >> PF , only the saturation power density, that is
proportional to the Pierce parameter and to the electron beam section6,
determines the power density value. If P0 · A(z) ∼ PF , both the gain
length evolution and the values of the Pierce parameter and of the
beam section contribute to the power density value.
A smaller value of the beam section leads to a shorter gain length
and to a greater saturation power density, therefore as a first order
approximation a reduction of the beam mean section leads to a greater
power density at the FEL exit. Nevertheless, the beam section isn’t
constant in a FEL, due to the betatron oscillations, therefore the whole
semi-empirical formula is needed to determine how these beam section
variations influence the power density at the end of SPARC.
5Supposing the condition A(z) >> 1 is verified, i. e. z & Lg, as can be proved
studying eq. (2.15). In SPARC, usually Lg ∼ 50cm.
6See appendix A.
CHAPTER 3
The Performances of Lmatching
Lmatching Fast FEL Simulator (LFFS) is used to compare the
power density at the end of SPARC obtained by means of a QP set of
currents with respect to the ones resulting from Lmatching.
3.1. Beam Characteristics and SPARC Settings
A correct comparison between the sets of currents requires
homogeneous conditions: the same electron beam characteristics at
the linac exit, the same undulator parameters and the same set of
currents generated by QP are used throughout chapters 3 and 4.
The beam characteristics at the linac exit are presented in table 1.
The undulator parameters and QP set of currents, with the relative
Electron Energy 150MeV X Alpha Twiss −1.736
Energy Spread 0.4084MeV X Beta Twiss 5.55m
Beam Length 213.2µm X Emit. 3.68mm ·mrad
Beam Charge 160pC Y Alpha Twiss −1.736
Beam Peak Cur 450A Y Beta Twiss 5.55m
Y Emit. 3.68mm ·mrad
Table 1. Beam characteristics for the comparison
between Lmatching and QP.
quadrupole strengths, are summarized in table 2.
3.2. Generation of the Sets of Currents
The Lmatching sets of currents are obtained using two different
configurations of Lmatching: the ”Small Variation Configuration”
(SVC) and the ”Huge Variation Configuration” (HVC), according to a
small (SVC) or large (HVC) difference with respect to QP set. More
specifically in SVC the currents are generated setting the standard
deviation in the Random Current Generator at 0.03A, while in HVC
the standard deviation is set at 0.1A.
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Undulator K 1.47
Rad. Wavelength 511nm
Quadrupole Current [A] Strength [m2]
1 -1.366 2.14294
2 -3.739 5.87456
3 5.199 8.25185
4 -4.349 7.03437
5 -0.018 0.0282724
6 3.691 5.93127
7 2.732 17.0356
8 2.741 16.6714
9 2.841 17.2557
10 2.632 16.6196
11 2.766 16.9139
Table 2. SPARC settings and QP set of currents.
3.3. The Maximization of the Power Density in SASE Mode
When using QP set of currents, the LFFS predicts the power density
at the end of SPARC to be 1.44455 · 105MW/cm2, while the saturated
power density at the end of the FEL is estimated from eq. (A.13) as
8.67065 · 105MW/cm2. Therefore at the end of the FEL the power
density growth is near to the end of the exponential regime (about 1m
more of undulator would be necessary to reach saturation).
3.3.1. SVC. Using the SVC currents the FEL power density at the
exit rises up to 2.09494 ·105MW/cm2, with a 45.0% increase compared
to QP set. In fig. 3.1 the power density evolution along the undulators
with QP and SVC is shown: the difference between the two results is
small. In the power density evolution plots only SPARC six undulators
are considered.
The selected set is obtained generating 500 random sets of currents
and choosing the best one. The whole execution of Lmatching
took about1 1s. The tests carried out on Lmatching show that
approximately a current set out of 300 random generated sets leads
to a power density increment ≥ 45.0%. Investigating 10 000 random
sets, the power density at the SPARC exit of the best set increased
only by 10%, but only a ∼ 1% further improvement was obtained with
1 000 000 tries.
1The execution time is proportional to the number of sets of currents evaluated.
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Figure 3.1. Power density evolution in SPARC undu-
lators (left, semi-logarithmic scale) and in the sixth one
(right, linear scale) for QP (dashed) and Lmatching SVC
(continuous).
Figure 3.2. The x-plane (left) and y-plane (right) rms
beam radii in SPARC undulator sections for QP (dashed)
and for Lmatching SVC (continuous).
Figure 3.2 shows that beam transports obtained with Lmatching
and QP sets of currents are strongly similar: in the beam transport
plots, the whole focusing and undulator sections of SPARC are shown.
In fig. 3.2 the position of the six undulators can be identified through
the periodic evolution of the QP beam section in the undulator
segments. The first undulator magnet starts at 5.726m, while the
≈ 35cm distance between the exit of one undulator and the entrance of
the next one is small compared to the 2.212m length of each undulator.
At the end of the FEL, by means of Lmatching currents the beam
section reduces from the 4.21∗10−2mm2 of QP to 4.16∗10−2mm2 (i. e.
1.0% smaller), while the Pierce parameter increase at the end of SPARC
is really slight, as shown in fig. 3.3. The consequent 2.1% increase in
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Figure 3.3. Pierce parameter (left) and gain length
(right) evolution in SPARC undulators for QP (dashed)
and Lmatching SVC (continuous).
the saturation power density is to small to explain the greater power
density at the end of SPARC obtained using Lmatching set of currents.
The small differences in the gain length evolution using the two
sets of currents, shown in fig. 3.3, are therefore the main cause of
the greater power density at the end of SPARC of Lmatching set. In
the plots of the Pierce parameter and of the gain length only the six
SPARC undulators are considered, their position in the plots can be
determined due to the periodic evolution of the Pierce parameter and
of the gain length obtained with QP set.
3.3.2. HVC. The power density at the end of SPARC obtained
with HVC shows a 316% increase up to 6.00273 · 105MW/cm2. Figure
3.4 shows a power density evolution curve similar for QP and HVC.
Figure 3.4. Power density evolution in SPARC undu-
lators (left, semi-logarithmic scale) and in the sixth one
(right, linear scale) for QP (dashed) and Lmatching HVC
(continuous).
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The Lmatching set has been obtained generating 100 000 random
sets of currents in HVC and selecting the best one. The whole execution
of Lmatching took about2 200s. The test carried out on Lmatching
performances show that approximately a current set out of 90 000 sets
of random currents generated in HVC shows a predicted power density
increment ≥ 316%, and only about one out of 10 000 shows a power
density increase with respect to the one obtained with only 500 random
currents in SVC. Rising the number of random sets the power density
at the exit of the best set increased by 15% with 1 000 000 tries, while
a further ∼ 5% improvement is obtained with 107 tries.
Figure 3.5 shows the comparison between the beam transport of QP
and Lmatching sets. They are still much alike, but the beam section
Figure 3.5. The x-plane (left) and y-plane (right) rms
beam radii in SPARC focusing and undulator sections
for QP (dashed) and Lmatching HVC (continuous).
at the end of SPARC obtained with Lmatching set is 3.55 ∗ 10−2mm2,
showing a 15.7% reduction with respect to the 4.21 ∗ 10−2mm2 of QP
set. This reduction of the beam size and the increase of the Pierce
parameter at the end of SPARC (shown in fig. 3.6) lead to an estimated
21% increase of the saturation power density at the exit up to 1.04994∗
106MW/cm2, that can explain only a small part of the predicted power
density growth.
The difference in the power density at the exit must be ascribed to
the different gain length evolutions of the two sets in the undulators
(shown in fig. 3.6).
2It is still a small amount of time, but it is ten times the ∼ 20s needed to
execute QP.
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Figure 3.6. Pierce parameter (left) and gain length
(right) evolution in SPARC undulators for QP (dashed)
and Lmatching HVC (continuous).
3.4. Configurations with a Reduced Number of Quadrupoles
Lmatching is able to propose a current set also when not all the six
quadrupoles in the focusing section of SPARC are used. Configurations
with five, four and three quadrupoles are considered in the following,
while with only two quadrupoles, the sets of currents obtained by
Lmatching give poor power densities at the exit.
Only the power densities obtained using Lmatching sets and the
main features of the beam transport are considered, the variations of
the gain length evolution and of the saturation power density at the
end of SPARC aren’t discussed. For comparison (also with the previous
plots) in all the plots the dashed line shows QP results using all the six
quadrupoles.
3.4.1. Five Active Quadrupoles. The results obtained with five
quadrupoles are the same that were achieved using all six of them. The
Twiss parameters at the entrance of the first undulator are the same
when using Lmatching with 5 quadrupoles or QP with 6. Therefore
even Lmatching currents in the five active quadrupoles in the focusing
section and QP currents in the undulator section quadrupoles can be
used, as shown by the beam transports in fig. 3.7.
3.4.2. Four Active Quadrupoles. In the four quadrupoles case,
only the configuration with the second and the fourth quadrupoles
missing is considered.
Fig. 3.8 shows the power density obtained at the SPARC exit
using SVC: it is 1.61724 · 104MW/cm2, just 11% of the result obtained
with QP six quadrupole configuration. Fig. 3.9 shows that the beam
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Figure 3.7. Five quadrupoles (6th missing). The x-
plane (left) and y-plane (right) rms beam radii in SPARC
focusing and undulator sections. The transports shown
are generated using QP currents for the quadrupoles in
the undulator section, while in the focusing section six
quadrupoles are used with QP currents (dashed) or five
quadrupoles with Lmatching currents (continuous).
Figure 3.8. Four quadrupoles, (2nd and 4th missing).
Power density evolution in all SPARC undulators (left,
semi-logarithmic scale) and in the sixth one (right, linear
scale) for QP six-quadrupole (dashed) and Lmatching
SVC (continuous).
transport in QP and in SVC are similar in the x-plane, while in the
y-plane the difference is substantial.
The power density at the exit obtained using the HVC of Lmatching
is ∼ 2 times larger than that obtained using SVC.
3.4.3. Three Active Quadrupoles. In the three quadrupoles
configuration the second, third and fifth quadrupoles aren’t used.
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Figure 3.9. Four quadrupoles (2nd and 4th missing).
The x-plane (left) and y-plane (right) evolution of the
beam rms radius. QP six-quadrupole (dashed) and
Lmatching HVC (continuous) results are shown.
Figure 3.10. Three quadrupoles (2nd, 3rd and 5th
missing). Power density evolution in all SPARC
undulators (left, semi-logarithmic scale) and in the sixth
one (right, semi-logarithmic scale). QP six-quadrupole
(dashed) and Lmatching HVC (continuous) results are
shown.
Power densities at the exit with SVC are poor, therefore only HVC
is discussed.
In fig. 3.10 the power density at the exit with Lmatching and only
three quadrupoles active is greater than QP six-quadrupole result. The
power density at the exit is 3.20778 · 105MW/cm2, 122% greater than
with QP set. Fig. 3.11 shows that the beam transport in both planes
is much different from QP set one.
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Figure 3.11. Three quadrupoles (2nd, 3rd and 5th
missing). The x-plane (left) and y-plane (right) rms
beam radii in SPARC focusing and undulator sections
for QP six-quadrupole (dashed) and Lmatching HVC
(continuous).
3.5. Results Summary and Analysis
LFFS predicts substantial power density, and therefore power
output increments for Lmatching sets of currents. The increment
obtained in HVC is much greater than the one obtained in SVC,
but HVC requires larger CPU time, so limiting the use of HVC to
experiments where a great output power is crucial.
Furthermore Lmatching proposes good current sets also when only
five or four quadrupoles are active. When three are used, Lmatching is
still well working, but the power evolution curve is much different from
the standard FEL power growth curve, shown in fig. 1.4. Therefore
this result is suspicious.
CHAPTER 4
The Comparison Between Lmatching and Genesis
The semi-analytical formula of Lmatching Fast FEL Simulator has
been used in the previous chapter to determine the power density, and
therefore power output improvements obtained by Lmatching, but the
validity of these prediction must be tested. For this purpose Genesis
1.3 is used: it is a three dimensional FEL simulator [20], based on
the transport of charged macro-particles through a magnetic lattice
including undulators, whose simulation results have shown a good
correlation with experimental data (e. g. [21], [22], [23], [24]).
Because Genesis computes the evolution of the FEL power in the
undulators, while Lmatching computes the evolution of the FEL power
density, the ratios between the output obtained by means of Lmatching
sets and that obtained by means of QP set by Lmatching and Genesis
are compared.
It may be argued that Genesis could have been used by Lmatching
in place of the semi-analytical formula to compute the power output
obtained using the sets of currents generated, in order to obtain reliable
results. It wasn’t impossible to use Genesis instead of Lmatching
because the execution time of a single one of Genesis fastest simulations
is ∼ 60s, against the ∼ 1ms Lmatching needs to evaluate the semi-
analytical formula.
4.1. Beam Transport in Genesis
In order to compare the predictions of the semi-empirical equation
of Lmatching with Genesis ones, Lmatching and Genesis beam
transports must be nearly identical. Only if the beam characteristics
are the same for both of them, the differences in their predictions can
be entirely ascribed to the different approximations they use to describe
the FEL radiation emission.
The beam transports obtained by Genesis using QP currents are
shown in fig. 4.1 (in the beam transport plots obtained with Genesis
only SPARC undulator section is shown): they are nearly identical
to the transports obtained by Lmatching, shown e. g. in fig. 3.2.
The difference in the beam transverse size is ≤ 1%, e. g. the beam
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Figure 4.1. Genesis x-plane (left) and y-plane (right)
rms beam radii in SPARC undulator section using QP
set.
section size at the end of the FEL is 4.25 ∗ 10−2mm2, compared to the
4.21 ∗ 10−2mm2 obtained by Lmatching.
The neglectable transport differences can be ascribed to the fact
that in Genesis the lengths of the magnets must all be integer multiples
of a basic length unit, called UNITLENGTH by Genesis, which cannot
be smaller of a certain value.
It isn’t mentioned in Genesis guide, but if the magnetic lattice is
longer than 8972 times the value of UNITLENGTH, Genesis returns
an error and considers only the first 8972·UNITLENGTH long part
of the input magnetic lattice. Therefore only the undulator section
of SPARC has been reproduced in Genesis, in order to minimize the
granularity: because the undulator section of SPARC is 15.008m long,
the minimum possible value of UNITLENGTH is 1.67mm. The value
used was instead 1.75mm, in order to have a little room to determine
the rounding of the magnet lengths in the way that gave a beam
transport more alike Lmatching one.
4.1.1. The Physics of Genesis. Genesis uses macro-particles
in place of electrons for all its calculations. All the EM fields are
discretized in space. The radiation field is described in the paraxial
approximation: the field is separated into a dominant fast oscillating
term and an amplitude, which slowly varies in magnitude and phase.
Only the longitudinal component of the Coulombian force between the
macro-particles is considered, because it opposes the micro-bunching
process.
Genesis supports two kinds of simulations: time-dependent and
time-independent simulations, the latter also called steady-state.
Time-dependent simulations are more accurate, because they try and
reproduce the effects of the radiation emitted in the rear part of the
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Step 1: The lattice
magnetic field is computed.
Step 2: The rearmost slice is
transported in the magnetic field and
the radiation emitted is computed.
Step 3: The lattice magnetic field
and the radiation EM field due to
the rearmost slice are combined.
Step 4: The next slice is transported
in the EM field in memory and
the radiation emitted is computed.
Step 5: The lattice magnetic field
and EM field generated by all
the previous slices are combined.
Iterate on
each slice
Figure 4.2. Flowchart of the main steps of Genesis
time-dependent simulations.
bunch on the electron in the front part, while steady-state simulation
are less reliable, because they are based on the assumption of the
isotropy of the electron bunch in the z direction. On the other
end, steady-state simulations are extremely faster than time-dependent
ones.
4.1.2. Time-Dependent Simulations. To perform a real time-
dependent simulation, Genesis would need to memorize all the
radiation fields in the FEL and all the macro-particles in the electron
bunch, easily exceeding the RAM size of desktop computers. Therefore,
the bunch and the radiation are divided into ”slices”, one wavelength1
long, and the bunch slices are transported by Genesis one at a time.
This reduces considerably the amount of memory needed by Genesis.
The main steps of Genesis time-dependent simulation in SASE
mode are listed in the flowchart in fig. 4.2.
1The resonance wavelength of the undulators, i.e. the wavelength of the
radiation generated.
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In step 1 the static magnetic field due to the magnetic lattice is
determined and kept in memory.
In step 2 the rearmost slice in the electron bunch is transported
in the magnetic field. The EM field of the radiation generated by the
slice is computed and all the output information required from the
simulation are written on the output file2.
In step 3 the EM field generated by the first slice, shifted in the
forward direction, is added to the static magnetic field generated by
the magnets. The combined EM field obtained in this way, if the length
of the slices were infinitesimal, would be exactly the EM field seen by
the macro-particles in the second slice when traveling in the undulator.
Because their length is finite, the resulting field is an approximation of
what the macro-particles would encounter if they were traveling in a
real FEL.
In step 4 the next slice, the second one in this case, is transported
in the combined EM field. The EM field of the radiation generated by
the slice is computed and the output data are written on the output
file.
In step 5 the EM field generated by all the previous slices are added
to the magnetic field of the magnets, all of these fields conveniently
shifted in order to generate the EM field the next slice will travel into.
Steps 4 and 5 are iterated until all the slices in the bunch have been
considered.
4.1.3. Steady-State Simulations. In the steady-state simula-
tions the electron beam and the radiation field are considered infinite
long, with no longitudinal variation of any parameter. This symmetry
allows Genesis to transport only a single slice, with periodic boundaries
conditions.
4.1.4. Basic Settings Used in the Simulations. Genesis basic
input parameters are explained in appendix D. In the following the
fundamental settings used for Genesis simulations are discussed.
4.1.4.1. The Integration Step. Because the execution time is
proportional to the number of integration steps used, its value has
been set equal to UNITLENGTH, that, because Genesis requires
UNITLENGTH to be an integer multiple of the integration step, is
the maximum possible value of DELZ once UNITLENGTH has been
2In Genesis time-dependent simulation the output data, e. g. the power
evolution in the beam line, is computed and written in the output file on a per
slice basis. To obtain the mean power output of the whole bunch, the mean of the
power outputs of the single slices must be calculated using an external program.
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set.
4.1.4.2. The Shot-Noise. In Genesis time-dependent simulations a
specific parameter defines the amplitude of the random displacements
of the macro-particles used to generate the shot noise. Genesis default
value 1 has been used for this parameter. In steady-state simulations
Genesis doesn’t consider the shot noise, therefore an equivalent value of
the seeding power must be used. The seeding power has been computed
accordingly to the equations reported in appendix D.
4.1.4.3. The Number of Slices. In Genesis time-dependent simula-
tions, in order to describe precisely the electron beam, the number of
slices used should be obtained dividing the beam length by the length
of one slice. To reduce the CPU time needed to perform a simulation,
a smaller number of slices, equally spaced along the bunch length, can
be used by Genesis. In order to keep the execution time of a time-
dependent simulation ∼ 12h, 208 slices have been used instead of the
416 511nm-long slices that actually compose a 213.2µm bunch.
4.1.4.4. SASE Output Power Variations. Because SASE coherent
laser emission starts stochastically from the shot noise, there are large
variations in the output power of the FEL laser pulses obtained in
SASE mode. Because in each Genesis simulation only a single laser
pulse is generated, in order to use Genesis time-dependent simulations
to reproduce SASE FEL experiments, multiple simulations must be
performed, where the random number generator used to determine
the shot-noise displacements of the macro-particles is initialized with
different seed numbers. In the time-dependent simulation considered
in this work, 10 different simulations are run for each set of currents.
4.2. The Maximization of the Power Output in SASE Mode
The sets of currents tested in this section are the same discussed in
section 3.3.
4.2.1. QP. The power output obtained by Genesis steady-state
simulation using QP set of currents is 16.690MW : the power evolution
generated is shown in fig. 4.3. The power output obtained using the
time-dependent simulation it is 48.2± 1.1MW .
4.2.2. SVC. The beam transport of Genesis, shown in fig. 4.4, is
nearly identical to Lmatching transport, shown in figure 3.2
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Figure 4.3. QP set power evolution in SPARC
undulator section (semi-logarithmic scale) according to
Genesis.
Figure 4.4. The x-plane (left) and y-plane (right) rms
beam radii in SPARC undulator section for QP (dashed)
and Lmatching SVC (continuous) according to Genesis.
4.2.2.1. Steady-State Simulation. The power at the end of the
FEL obtained with Lmatching set according to Genesis steady-state
simulation is 16.250MW , as shown by fig. 4.5. The power variation
with respect to QP set is −2.6%, compared to the +45.0% predicted
by Lmatching. The comparison between the power evolutions with QP
set and Lmatching set are slightly different with respect to the ones
predicted by Lmatching, as can be seen comparing fig. 4.5 with fig.
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Figure 4.5. The power evolution in SPARC undulator
section (left, semi-logarithmic scale) and in the sixth
undulator (right, linear scale) for QP (dashed) and
Lmatching SVC (continuous) according to Genesis.
3.1.
4.2.2.2. Time-Dependent Simulation. The power output obtained
using Lmatching set is 72.1±1.5MW , with a +49.5%±3.1% increment
on QP set results. The increment predicted by Genesis time-dependent
simulation is consistent with the one predicted by Lmatching.
4.2.3. HVC. The beam transport of Genesis, shown in fig. 4.6, is
nearly identical to Lmatching transport, shown in fig. 3.5.
Figure 4.6. The x-plane (left) and y-plane (right) rms
beam radii in SPARC undulator section for QP (dashed)
and Lmatching HVC (continuous) according to Genesis.
4.2.3.1. Steady-State Simulation. The power at the end of the FEL
obtained by Genesis steady-state simulation using Lmatching set is
14.486MW , as shown by fig. 4.7. The power variation is −13.2%,
compared to the +316% predicted by Lmatching. The difference
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Figure 4.7. The power evolution in SPARC undulator
section (left, semi-logarithmic scale) and in the sixth
undulator (right, linear scale) for QP (dashed) and
Lmatching HVC (continuous) according to Genesis.
between the power evolutions obtained using QP set and Lmatching
set is really small, much smaller than the one predicted by Lmatching,
shown in fig. 3.4.
4.2.3.2. Time-Dependent Simulation. The power output obtained
using Lmatching set is 70.4±1.3MW , with a +46.0%±2.9% increment
on QP set results. The increment predicted by Genesis for this set is
slightly lower than the one predicted for Lmatching SVC set, and it is
much lower than the increment predicted by Lmatching in chapter 3.
4.3. Missing Quadrupoles
The current tested in this section are the same discussed in section
3.4.
4.3.1. Fours Active Quadrupoles, SVC. The beam transport
computed by Genesis, shown in fig. 4.8, is nearly identical to Lmatching
transport, shown in fig. 3.9.
4.3.1.1. Steady-State Simulations. The power at the end of the FEL
obtained in this configuration according to Genesis is 7.7444MW , as
shown by fig. 4.9. The power is 46.4% of that obtained using QP six-
quadrupole set, while Lmatching predicted that it would have been just
11% of it. The power evolution comparison between QP and Lmatching
set is a little different from that predicted by Lmatching in 3.8.
4.3.1.2. Time-Dependent Simulations. The power output obtained
using Lmatching set is 47.0± 1.6MW , 97.6%± 4.1% of that obtained
using QP six-quadrupole set. The output predicted by Genesis is about
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Figure 4.8. Four active quadrupoles, the x-plane (left)
and y-plane (right) rms beam radii in SPARC undulator
section for six-quadrupole QP (dashed) and Lmatching
SVC (continuous) according to Genesis.
Figure 4.9. Four active quadrupoles, power evolution
in SPARC undulator section (left, semi-logarithmic
scale) and in the sixth undulator (right, linear scale)
for six-quadrupole QP (dashed) and Lmatching SVC
(continuous) according to Genesis.
9 times greater than the one predicted by Lmatching.
4.3.2. Three Active Quadrupoles, HVC. Genesis transport,
shown in fig. 4.10, is slightly different from Lmatching one, shown in
fig. 3.11, only in the last two undulators.
4.3.2.1. Steady-State Simulation. The power at the end of the FEL
obtained in this configuration according to Genesis is 5.2772W , as
shown by fig. 4.11. There is a difference between Lmatching set and QP
six-quadrupole configuration of 6 orders of magnitude, while Lmatching
predicted an improvement in the power output. The power evolution
is completely different, as the comparison between fig. 4.11 and 3.10
proves. Though the beam sections at the end of the magnetic lattice
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Figure 4.10. Three active quadrupoles, the x-plane
(left) and y-plane (right) rms beam radii in SPARC
undulator section for six-quadrupole QP (dashed) and
Lmatching HVC (continuous) according to Genesis.
Figure 4.11. Three quadrupoles, power density evo-
lution in SPARC undulator section (semi-logarithmic
scale) for six-quadrupole QP (dashed) and Lmatching
HVC (continuous) according to Genesis.
are different in Genesis and in Lmatching, the transport up to the
fourth undulator is identical, and up to that point the power evolution
in Genesis is completely different form Lmatching one.
4.3.2.2. Time-Dependent Simulation. The power output obtained
using Lmatching set is 556.7 ± 4.3W , 5 orders of magnitude lower
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than the output obtained using QP six-quadrupole set. Genesis time-
dependent simulation essentially confirms the results of the steady-
state simulation. Genesis proves that the prediction of Lmatching on
the power output in this configuration is completely wrong.
4.4. Analysis of the Results of the Simulations
The results obtained by Lmatching semi-analytical formula and
Genesis steady-state and time-dependent simulations are collected in
table 1.
Cur. Set Ratio Lmatching Genesis
Steady-State Time-Dependent
SVC/QP 1.45 0.97 1.50±0.03
HVC/QP 4.16 0.87 1.46±0.03
4quadSVC/QP 0.11 0.46 0.98±0.04
3quadHVC/QP 2.22 ∼ 10−6 ∼ 10−5
Table 1. Summary of the results of the comparison
between sets of currents made by means of Lmatching
and Genesis.
A comparison between mean beam sections and betatron oscilla-
tions amplitude of the Lmatching sets with respect to QP set in SPARC
undulators is shown in table 2.
Cur. Set Comp. 〈SLM 〉〈SQP 〉 − 1
〈|SLM−〈SLM |〉〉
〈|SQP−〈SQP 〉|〉 − 1
〈|SLM−SQM |〉
〈S(QP )〉 − 1
SVC & QP +0.6% +13.9% +4.2%
HVC & QP +2.0% +55.4% +10.5%
4quadSVC & QP +5.5% +185% +23.0%
3quadHVC & QP +513% +3102% +521%
Table 2. Comparison between mean beam sections and
betatron oscillations amplitude of the Lmatching sets
with respect to QP set in SPARC undulators. SLM
represents Lmatching beam section, while SQP represents
QP one.
Considering time-dependent Genesis predictions as the terms for
comparison, Lmatching predictions are accurate when the difference
between the two beam transports is small, they are even much more
accurate than steady-state Genesis predictions. As the difference
between the two beams transports grows, Lmatching predictions
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become much less accurate. This effect has to be ascribed to an
incorrect dependence of the semi-empirical formula on the beam
section3. As a consequence, Lmatching is useful to find local maxima
in the power output nearby a set of currents, but it isn’t capable of
working as a stand-alone program, and because it varies only slightly
the currents of the starting set, the starting set must already have an
high power output in order to obtain an high output with Lmatching
set.
A fact that emerges from table 2 is that the mean beam section
in the undulators is only approximately inversely proportional to the
beam power output: this is an additional confirm that the whole power
growth mechanism must be considered in order to maximize the power
output of a FEL.
As a final remark, when only four quadrupoles are active in SPARC
focusing section, SVC Lmatching set gives a good power output, while
with only three active quadrupoles both SVC and HVC Lmatching sets
lead to poor power outputs.
3Colson equations, which are the starting point of the derivation of this formula,
neglect betatron oscillations (see appendix C): this may be the reason why the
greater the difference in the betatron oscillation amplitude, the less the accuracy
of the semi-empirical formula predictions.
CHAPTER 5
Lmatching Experimental Test at SPARC LAB
SPARC has suffered relevant breakdowns and malfunctions since
March 2013: as a consequence the time dedicated to FEL experiments
before September 2013 has been limited to a few days. Hence it
has been possible to perform only one preliminary test of Lmatching
predictions of the FEL power output.
5.1. Experimental Setup Overview
The details of SPARC magnetic lattice in the focusing and
undulator sections are listed in appendix B.
The test of Lmatching predictions has been performed in parasite
mode, with no possibility to choose any of the characteristics of beam
or undulators. The beam quality was low, therefore the power output
was much weaker.
A direct measurement of the power of the laser pulses at the end
of the FEL is difficult, because the laser pulses are only ∼ 1ps long.
But if the bunches considered have the same length at the linac exit,
because the bunch length is determined by the RF cavities in the linac
and it isn’t modified by quadrupoles, undulators or dipoles, it follows
that the laser pulses have the same length, hence:
〈P1〉
〈P2〉 =
〈E1〉
T
〈E2〉
T
=
〈E1〉
〈E2〉 (5.1)
where 〈P1〉 and 〈P2〉 are the mean power of the pulses obtained with the
two sets of currents considered, 〈E1〉 and 〈E2〉 are the mean energies
and T is the temporal length of the electron bunch (proportional to
its spatial length). It follows that the pulses mean energy ratio can be
measured to determine the pulses mean power ratio.
To measure the energy of the laser pulses at the end of SPARC,
a joule-meter is usually used: its lenses collect all the light of the
laser pulse on a photodiode, so to read the total energy of the pulse.
Unfortunately this joule-meter was not working during the experiment
and therefore SPARC backup photodiode has been used in its place.
49
50 5. Lmatching Experimental Test at SPARC LAB
This backup device can only compare the energy of laser pulses, because
it collects only a fraction of the produced light. It is sufficient for the
task required by the test, with neglectable effects on the resolution (it
collects ∼ 20% of the light of the pulses in the experimental conditions
considered).
5.1.1. Beam Parameters. Table 1 contains the characteristics
of the beam used in the experiment. The beam emittances, Twiss
Electron Energy 90.95MeV X Alpha Twiss 0.74
Energy Spread 0.2MeV X Beta Twiss 11.18m
Beam Length 506µm X Emit. 6.95mm ·mrad
Beam Charge 160pC Y Alpha Twiss 2.06
Beam Peak Cur 190A Y Beta Twiss 33.80m
Y Emit. 4.38mm ·mrad
Table 1. Measured characteristics of SPARC beam.
parameters, length, charge and peak currents have been measured
using a transverse RF deflecting cavity, while the mean energy and the
energy spread have been measured with an energy spectrometer. The
error on the measure of these beam parameters is ≈ 1% and is mainly
due to statistics originated by the stochastic differences in bunches
characteristics in SPARC photo-injector.
The variation of the beam length is particularly important, because
of the assumption that all the bunches have the same length and
therefore the ratio between the mean pulse energies is equal to the
ratio between the mean pulse powers. The 1% error on the bunch
lengths leads to a 1.4% error on the ratio of the powers.
All the variations of the other beam characteristics influence the
power output of SPARC, broadening the distribution of the pulses
power originated by the stochastic origin of the micro-bunching in
SASE mode, and therefore increasing the statistical error measured.
5.1.2. Undulator Parameters and Sets of Currents. Table
2 contains the undulator settings and QP and Lmatching quadrupole
current sets used in the experiment.
5.1.3. The Photodiode. The photodiode used in the experiment
is a DET210 by Thorlabs. It uses a silicon PIN detector reverse-biased
to deliver a ≈ 0.4A/W current response at 800nm. The upper limit
for the linearity of the current response is 1mW , hence during the
experiment the power of the incident radiation has been kept under
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Undulator K 1.27
Rad. Wavelength 800nm
Quadrupole QP Cur. [A] Lmatching cur.[A]
1 1.25584 1.27776
2 0 0
3 −1.5622 −1.57649
4 −0.72718 −0.74119
5 0 0
6 1.65315 1.73532
7 1.55097 1.52396
8 1.55565 1.48476
9 1.61243 1.50187
10 1.49403 1.55776
11 1.56987 1.64413
Table 2. SPARC undulators settings and QP and
Lmatching sets of quadrupole currents.
this value filtering the laser pulses with a 10−1 neutral density filter, i.
e. a lens that reduces the number of photons in a laser pulse by 90%.
Figure 5.1. Photodiode data plot of a SPARC pulse
using Lmatching current.
The photodiode output current is applied to a resistor, and the
voltage between its endings is modified by an analogical circuit, in
order to obtain steeper rising and falling edges on the oscilloscope used
to read the signal. The error introduced on the diode measures has
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never been estimated: therefore only the white noise is considered as a
source of error.
In fig. 5.1 is shown a tension pulse read by the oscilloscope when
the photodiode was hit by a laser pulse during the test. The rms value
of the white noise is 1.7mV : because the tensions measured during
the experiment range from 31.3mV to 321.9mV , the error on a single
measure due to the white noise ranges from 0.5% to 5.7%. The tension
measurements have been corrected for the −5mV pedestal.
5.2. Lmatching Predictions
Lmatching predicts a power density at the exit of 56.3607MW/cm2
using QP current set, against an output of 78.1153MW/cm2 using
Lmatching set, resulting in a 38.6% power density increase. Fig. 5.2
shows that the power density evolutions using the two sets are much
alike. Fig. 5.3 shows the comparison between the two beam transports.
Figure 5.2. Power density evolution in SPARC six
undulators (left, semi-logarithmic scale) and in the sixth
one (right, linear scale) for QP (dashed) and Lmatching
SVC (continuous) according to Lmatching.
5.3. Experimental Results
With the Lmatching set of currents was measured a 21% power
output increment with respect to QP set. Though the energy of 30
laser pulses was measured for each set of currents, with Lmatching set
the error on the mean due to the broad energy distribution was 11.4%,
while using QP set it amounted to 14.4%, hence the statistical error on
the ratio between the output powers amounted to 18%. The systematic
error due to the white noise and to the uncertainty on the bunch length
amounts to 2%.
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Figure 5.3. The x-plane (left) and y-plane (right) rms
beam radii in SPARC focusing and undulator sections for
QP (dashed) and Lmatching SVC (continuous) according
to Lmatching.
5.4. Considerations on the Experimental Result
The result of the experiment suggests that the power output
obtained with Lmatching set is greater than the one obtained with
QP set, but the statistical error is too high to consider it as a proof of
Lmatching effectiveness. This result suggests to perform a campaign of
tests to check Lmatching results thoroughly, using beams with different
energies and characteristics. A statistic of at least 200 pulses measured
for each set of currents, and the use of the joule-meter instead of
the photodiode, would significantly reduce the uncertainties on the
measure, and lead to a reliable evaluation of Lmatching performances
when applied to SPARC.
Conclusion
The approach of Lmatching to the FEL power output maximization
is promising, but the comparison with Genesis time-dependent
simulations has proven the semi-analytical formula used to implement
Lmatching Fast FEL Simulator not to be adequate to the task. Because
formula neglects the betatron oscillations of the beam, its dependence
on the size of the beam section seems to be considerably incorrect.
However, according to Genesis, this semi-analytical formula is
accurate when similar beam transports are compared, therefore the
current version of Lmatching might be successfully used to improve by
about 40% the power output obtained with a set of currents determined
by another FEL matching program.
A preliminary experiment performed at SPARC seemed to confirm
this result, hence suggesting to perform a campaign of tests to check
Lmatching results thoroughly.
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APPENDIX A
Basic FEL Definitions
All the definitions contained in this appendix can be found in any
book on free electron lasers. The notation used is that of [19], more
information about the quantities considered in this appendix can be
found e. g. in [8].
A.1. Undulator Parameters
The undulator wavelength λu is defined as the length of a
magnetic period of the undulator, namely the length of two consecutive
magnets in the undulator. It is the distance an electron has to travel
on the beam axis to undergo a full period of sinusoidal motion in the
transverse plane.
The undulator magnetic field parameters ku, kx and ky
describe the magnetic field in a planar undulator. They are expressed
in units of m−1. Assuming the z axis is the beam axis and the y axis is
in oriented upward, the magnetic field in the y direction can be written
as:
By(x, y, z) = B0cos(kxx)cosh(kyy)sin(kuz) (A.1)
where B0 is the maximum vertical magnetic field on the beam axis.
The undulator parameter K, a dimensionless quantity in the
order of 1, is defined as:
K =
eλuB0
2pimec2
(A.2)
where e is the electron charge, B0 is the maximum magnetic field on
the undulator beam axis me is the electron mass and c is the speed of
light.
The effective undulator parameter K∗ is defined for a planar
undulator as:
K∗ =
K√
2
(A.3)
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The undulator resonance (or resonant) frequency λr, which is
the wavelength of the radiation amplified by an undulator, it is defined
as:
λrad =
λund
2γ2e
(1 +K∗2) (A.4)
where γe is the electron Lorentz factor.
A.2. FEL Parameters
The small signal gain FEL coefficient g0,n, sometimes simply
denoted as gain parameter, is a dimensionless parameter defined as:
g0,n = 4pi
J
I0
(
n
γe
)3(λuK
∗fb,n)2 = g0(
fb,n
fb,1
)2 (A.5)
where J is the current density of the electron beam, I0 = 17045.09A
is the Alfve`n current, n is the harmonic number and fb,n is the Bessel
factor, defined in a planar undulator as:
fb,n = (−1)n−12 [Jn−1
2
(nξ)− Jn+1
2
(nξ)] (A.6)
Here Jn are the cylindrical Bessel functions, while ξ is defined as:
ξ =
1
2
K∗2(1 +K∗2)−1 (A.7)
The Pierce parameter ρn is a dimensionless quantity correlated
to the beam energy spread: as a rule of thumb, a relative energy spread
greater than the Pierce parameter leads to a significant FEL gain drop.
It is defined as:
ρn =
1
4pi
(
pig0,n
n3
)
1
3 = ρ1(
fb,n
fb,1
)
2
3 (A.8)
The gain length Lg,n is the characteristic length of the FEL power
growth in the exponential regime. It is defined in the 1D theory as:
Lg,n =
λu
4pi
√
3ρn
(A.9)
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but other effects need to be included to have a good approximation
of the actual FEL gain length (see the sections on the inhomogeneous
energy broadening effect and the diffraction correction in chapter 2).
Usually the FEL power reaches saturation in an undulator in ∼ 18 ÷
20Lg,n. This distance is called saturation length.
The detuning parameter ν measures the angular frequency
deviation from the undulator resonant energy. It is defined as:
ν = 2pin
ω0 − ω
ω0
(A.10)
where ω0 is the resonant wavelength frequency:
ω0 =
2pic
λrad
(A.11)
The electron beam power PE is the bunch energy density. It can
be computed from:
PE = E · |J |
e
=
mec
2
e
γJ (A.12)
where J is the bunch current density.
The saturation power PF,n is the FEL laser power when it reaches
the saturation regime. The following equation can be used to determine
approximately the saturation power density on the bunch axis:
PF,n =
√
2ρnPE (A.13)
If instead of the bunch power density PE, the bunch power is used this
equation can be used to estimate the saturation power. Also other
equations exist to determine approximately the saturation power (see
e. g. [8]).
APPENDIX B
The SPARC Line Components
Table 1 is a summary of the characteristics of the components of
SPARC focusing section.
Component Length [m] Quad. Cal. Const. [C2Kg−1m−4]
Drift n.1 0.277
Quad n.1 0.172 7.407
Drift n.2 0.079
Quad n.2 0.173 7.353
Drift n.3 0.075
Quad n.3 0.172 7.312
Drift n.4 3.099
Quad n.4 0.172 7.184
Drift n.5 0.079
Quad n.5 0.170 7.485
Drift n.6 0.079
Quad n.6 0.172 7.231
Drift n.7 1.007
Total 5.726
Table 1. Components of the magnetic lattice of SPARC
focusing section.
The quadrupole strength Kq can be obtained from the equation
[14]:
Kq =
e
γemecqcal
· I
s
(B.1)
where e is the electron charge, γe is the electron Lorentz factor, me is
the electron mass, c is the speed of light, qcal is a calibration constant
and I is the quadrupole current. The quadrupole focuses in the x-plane
if Kq > 0, in the y-plane if Kq < 0.
Table 2 is a summary of the characteristics of the components of
SPARC undulator section.
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Component Length [m] Genesis Len. [u]a Quad. Cal. C.
[C2Kg−1m−4]
Und n.1 2.208 1262
Drift n.1A 0.05287 30
Quad n.1 0.05326 31 6.018
Drift n.1B 0.24587 140
Und n.2 2.208 1262
Drift n.2A 0.05228 29
Quad n.2 0.05444 32 6.036
Drift n.2B 0.24621 140
Und n.3 2.208 1262
Drift n.3A 0.05321 30
Quad n.3 0.05259 31 6.257
Drift n.3B 0.24528 140
Und n.4 2.208 1262
Drift n.4A 0.05220 29
Quad n.4 0.05460 32 5.797
Drift n.4B 0.24520 140
Und n.5 2.208 1262
Drift n.5A 0.05267 30
Quad n.5 0.05366 31 6.091
Drift n.5B 0.24567 140
Und n.6 2.208 1262
Total 15.008 8577
Table 2. Components of the magnetic lattice of SPARC
undulator section.
aIn units of u = 1.75mm.
The maximum vertical magnetic field on the beam axis in SPARC
undulators is determined from the gap gu between the two rows of
magnets by means of numerical tables that have been determined
tentatively.
The undulator k parameter Ku can be determined from B0 by
means of the equation [8]:
Ku =
eλuB0
2pimec
(B.2)
where λu is the undulator period length.
The parameter δ used in the undulator transport matrices can be
determined from the gap gu by means of the equation [13]:
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δ(g) = a+ b · gu (B.3)
where a ≈ −9.11 · 10−3 and b ≈ 1.18 · 10−3mm−1 have been obtained
from a numerical simulation of SPARC undulator field.
APPENDIX C
The Semi-Analytical Equation for the FEL Power
Density Evolution
Throughout this appendix the basic FEL and undulator parameters
definitions, collected in appendix A, are extensively used. The
deduction in this appendix mostly follows the one presented by G.
Dattoli in [16].
C.1. The FEL Equations: Derivation and Approximations
The starting point of this reasoning is the 1D high gain FEL theory,
formulated by W. B. Colson et al. [17]. His equations are derived
from Maxwell equations and special relativity. The main difference
between low gain and high gain FEL theory is that in the latter the
electromagnetic field acting on the bunch varies due to the radiation
generated by the bunch itself. The high gain theory reduces to low
gain theory if short undulators are considered.
In Colson high gain 1D theory both lethargy regime and exponential
growth regime are considered, but not saturation. Every dependence
of the bunch charge density and of the electromagnetic field on the
transverse coordinates is neglected: this approximation is justified
if the charge density of the electron beam is homogeneous and its
radius rb is such as rb >>
√
Lg,1λr [8], where λr is the emitted
radiation wavelength while Lg,1 is the FEL gain length. Electron beams
are considered to be very long, so head and tail effects are ignored.
Betatron oscillations are neglected, while the light wave diffraction is
introduced phenomenologically only at the end of this dissertation.
A complete deduction of this equations can be found in [17]. In all
this discussion, the free electron laser is considered as a long one-piece
undulator.
In the 1D approximation, therefore considering only the beam axis
(z axis), the electromagnetic field in the undulator can be written as:
~Es = [
∑
n
Er,ncosψn, 0, 0] (C.1)
~B = ~Br + ~Bu (C.2)
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~Br = [0,
∑
n
Er,ncosψn, 0] (C.3)
~Bu = [0, B0sin(kuz), 0] (C.4)
where the index r stands for fields generated by the radiation, u
for that generated by the undulator magnets and n is the harmonic
number. B0 is the maximum magnetic field on the beam axis in the
vertical direction, while ku is one of the the undulator magnetic field
parameters1. The phase ψn is defined as:
ψn = kr,nz − ωnt+ φn (C.5)
where kr,n is the radiation wave number, ωn is the radiation angular
frequency, while φn is the radiation phase at the undulator entrance.
Colson differential equations are:
d2
dτ 2
ζ =
∑
n
|an| cos(ψn) (C.6)
dan
dτ
= −2pig0,n
〈
e−inζ
〉
(C.7)
where g0,n is the small signal gain FEL coefficient
1 and the other terms
are defined in the following equations:
ζ = (ku + ks)
∫ t
0
v¯z(t
′)dt′ − ωnt (C.8)
τ =
ct
Lu
∼= z
Lu
(C.9)
ψn = nζ + φn (C.10)
where v¯z is the mean electron speed in the z direction in a single
undulator period, Lu is the undulator length and n is the harmonic
number. The dimensionless amplitudes an are defined as:
an = |an| eiφn (C.11)
|an| = kr
γ4
K∗(Nλu)2(1 +K∗2)fb,nes,n (C.12)
es,n =
eEs,n√
2mec2
(C.13)
1 See appendix A.
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where γ is the electrons Lorentz factor, N is the electron number,
λu is the undulator period length and K
∗ is the effective undulator
parameter2.
From now on, only the fundamental harmonic is considered,
dropping the n indexes. All the following reasoning is correct also
for the higher odd harmonics, but other effects due to the presence of
the stronger first harmonic must be introduced, and their influence on
the harmonics growth is critical. The even harmonics are null on the
beam axis.
The field amplitude evolution can be written as:
d
dτ
a = ipig0
∫ τ
0
τ ′a(τ − τ ′)e−iντ ′dτ ′ (C.14)
Solving this equation, the following solution is obtained:
a(τ) =
a0
3(ν + p+ q)
e−
2
3
iτ{(−ν + p+ q)e− i3 (p+q)τ + 2(2ν + p+ q)e i6 (p+q)τ ·
·[cosh(
√
3
6
(p− q)τ) + i
√
3ν
p− q sinh(
√
3
6
(p− q)τ)]}
(C.15)
where:
p = [
1
2
(r +
√
d)]
1
3 (C.16)
q = [
1
2
(r −
√
d)]
1
3 (C.17)
r = 27pig0 − 2ν3 (C.18)
d = 27pig0[27pig0 − 4ν3] (C.19)
Here ν is the detuning parameter2, while a0 is the radiation at the FEL
beginning. Therefore, this equation treats well seeded mode FELs, but
for self-amplified FELs a SASE-equivalent for the starting radiation
field must be conceived. A possible solution for this problem will be
introduced in section C.2.
This equation is both analytically complex and physically unclear,
so some approximations are due to reduce it to a more useful form.
2See appendix A.
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C.2. The High Gain Solution: Approximations
The solution can be simplified setting the detuning parameter ν
to 0. This approximation is correct in high gain regime, because
frequencies with really small detuning parameters predominate.
Dropping the complex part of the solution, it can be recast in terms of
gain length and Pierce parameter (see appendix A) as:
|a(z)|2 = A(z) |a0|2 (C.20)
A(z) =
1
9
[3 + 2cosh(
z
Lg,1
) + 4cos(
√
3
2
z
Lg,1
)cosh(
z
2Lg,1
)] (C.21)
This solution describes the field growth far from the saturation zone,
in the lethargy and first part of the exponential growth regimes. The
saturation regime can be introduced considering a solution for the
exponential and saturation part only, with the characteristic logistic
function, then replacing the exponential term with A(z), that accounts
for the first two regimes [16]. This process leads to the equation:
P (z) = P0
A(z)
1 + P0
PF
(A(z)− 1) (C.22)
where P0 is the seeding power density, if a seeding laser is used.
For SASE mode a SASE equivalent power density can be estimated
empirically as:
P0 = 186
Iρτ
λ2r
(C.23)
where I is the bunch peak current, ρ is the pierce parameter, τ is
the bunch length. This equation was formulated by Dattoli, starting
from the shot noise equation in [25], in order to link correctly with
the mean SASE exponential growth (figure C.1). Consequently the
power density growth curve given by the semi-analytical equation for
the SASE regime won’t be correct up to the liking point.
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Figure C.1. Linking between Dattoli’s equation for the
seed power density simulating SASE and a numerical
code simulation of SASE evolution: the two curves are
superimposed, except for the first part, where the curve
starting from zero is the numerical code simulation while
the one starting at around 10−6MW/cm2 is Dattoli’s
semi-analytical equation.
APPENDIX D
The Basic Genesis Input Parameters
The most important Genesis input parameters are listed in this
appendix, quoting between brackets the name of the parameter in
Genesis main input file. The parameters used just for the beam
transport are neglected, because the option of defining the magnetic
lattice in an external file was used in this work: this option allows for
a more detailed definition of the magnetic lattice. See appendix A for
details on the undulator parameters definitions.
D.1. The Undulator Parameters
They are the effective undulator parameter (AW0), the undulator
geometry (IWITYP, set equal to 0 for planar undulator), the undulator
focusing strength parameters in the x and y plane (XKX and YKY)
and the undulator wavelength (XLAMD).
Another parameter is used to delay the electron motion, in order to
keep the phase coupling between the radiation and the electron micro-
bunches (AWD). To keep the synchronization it must be set equal to
the undulator effective parameter AW0. As shown in chapter 2 SPARC
doesn’t keep this synchronization, but because Lmatching does neglect
this problem, and treats the radiation as if it was always synchronized,
it is kept synchronized in Genesis.
Other parameters can be used, if needed, to introduce field errors
in the undulators.
D.2. The Electron Beam Parameters
They are the number of macro-particles used in each slice
(NPART), the electron Lorentz factor (GAMMA0), the energy spread
(DELGAM), the rms beam radii in the x and y plane (RXBEAM and
RYBEAM), the normalized emittance in the x and y planes (EMITX
and EMITY), the alpha Twiss parameters in the x and y planes
(ALPHAX and ALPHAY) and the beam peak current (CURPEAK).
Other parameters can be used to introduce deviations of the
beam from the nominal position or the nominal direction at the first
undulator section entrance.
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D.3. The Radiation Parameters
They are the resonant radiation length (XLAMDS), the statistical
distribution of the particles transverse variables (ITGAUS, set equal to
1 for normal distribution), the seed of the random number generator for
the particle position fluctuation, used for the shot noise computation
in SASE mode time-dependent simulations (IPSEED).
The seed power (PRAD0) must be defined in steady-state
simulations even in SASE mode. In that case it must be computed
using the formula:
PRAD0 = 6
√
piρ2
A1
A2
√
lnA2
ρ
(D.1)
where ρ is the Pierce parameter and:
A1 =
γeIpeakmec
2
e
(D.2)
A2 =
Ipeakλrad
ec
(D.3)
Here γe is the electron Lorentz factor, Ipeak is the beam peak current,
me is the electron mass, c is the speed of light, e is the electron charge
and λrad is the radiation wavelength.
The Rayleigth length of the seeding radiation field (ZRAYL) is used
by Genesis also to compute the grid size. Therefore a reasonable value
must be set even for time-dependent SASE simulations. The position
of the waist of the seeding radiation field with respect to the undulator
entrance must be set but it isn’t much important, because the FEL
radiation emission greatly changes this characteristic of the radiation:
setting a value of one half of ZRAYL is usually fine.
D.4. The Mesh and Simulation Parameters
The essential ones are the parameters used to determine the
transverse grid (RMAX0 and DGRID), the longitudinal integration
step length (DELZ) and parameter used to include the quantum
fluctuation of the spontaneous synchrotron radiation (ISRAVG, set to
a non zero value to include the effect).
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DELZ is expressed in terms of the undulator wavelength (XLAMD)
and the magnets lengths must be expressed as multiples of it. Usually it
is set as a submultiple of the undulator wavelength, in order to describe
well the undulator magnets length.
D.5. The Time-Dependent Parameters
A parameter is used to set if the simulation must be time-
dependent or steady-state (ITDP, set equal to 1 for time-dependent,
equal to 0 for steady-state). The other parameters listed in this
section are used only in the time-dependent simulations. They are
the beam length (CURLEN, set positive for normal distribution of
the particles, negative for constant distribution), the slice separation
(ZSEP) described before, the slice number (NSLICE), a parameter
to set the size of the rms particle displacement used for the power
generation in SASE simulations (SHOTNOISE). If set equal to 0 the
shot noise effect isn’t used, while in this work it has been set equal to
1.
D.6. Input-Output Control Parameters
There are many that can be used, the ones most useful but for the
output file name (OUTPUTFILE) are the magnetic lattice file name
(MAGINFILE) and LOUT, which is an array of ones and zeroes used
to set which quantities must be computed by Genesis and written in
the output file.
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